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Abstract. Turbulent flow between concentric cylinders is studied in experiments for
Reynolds numbers 800 < R < 1.23 x 108 for a system with radius ratio n = 0.7246.
Although high precision torque measurements reveal a transition to wall-bounded shear
flow at R = 1.3 x 10%, no range of Reynolds number exhibiting power law scaling of
the torque is observed. However, the torque measurements above the transition are
consistent with the form of asymptotic behavior predicted by scaling theory in this
region. The observed Reynolds number dependence of the skin friction coefficient in
turbulent pipe flow and flow over a flat plate are also consistent with this form.

1. Introduction

Turbulent flow is examined in a simple closed flow system: the flow between concen-
tric rotating cylinders (the Couette-Taylor system). This work was partially motivated
by recent experiments in another well known closed system: thermal convection at very
high Rayleigh numbers [1]. In the latter experiments the heat transport in the system was
found to exhibit regimes of well-defined power-law scaling as a function of the Rayleigh
number. Our experiments were designed to measure the torque to high precision over a
wide range of Reynolds number, well beyond that previously studied. The question of
the existence of power-law scaling in this system is of a fundamental nature. For scales
sufficiently well separated from the integral size of the system, if a universal turbulent
flow exists, one might expect to see this type of behavior throughout the inertial range
(since no underlying length scale exists in this regime). Contrary to these expectations,
power-law scaling of mean flow quantities (such as the turbulent drag in a system) with
the Reynolds number is not observed experimentally [2] in typical oper.- flow systems such
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as pipe flow, duct flow or flow over a flat plate. We will demonstrate that the observed
lack of scaling in all of these systems can be described as corrections to scaling, of the
type observed in equilibrium systems in the vicinity of a critical point, where in the fluid
systems the critical point occurs in the infinite Reynolds number limi‘. A more detailed
account of our experimental results can be found in references [3] and [4].

The Reynolds number in a system with only the inner cylinder rotating (as in our

work) can be defined as:
R=Qa(b—a)’ )
v
where ) is the rotation rate of the inner cylinder, a and b are the rad:i of the inner and
outer cylinders, and v is the kinematic viscosity of the fluid. For low Reynolds numbers
this system has been extensively studied [5, 6, 7, 8] and has been found to exhibit a
well-defined sequence of bifurcations leading to weak turbulence and turbulent Taylor
vortices (turbulent flow with large scale toroidal vortices reminiscient of Taylor vortices
observed at low Reynolds number) [9, 10, 11].

Theoretical predictions for scaling of the torque T' with the Reyno!ds number having
the form T ~ R%/® have been proposed [12, 13, 14]. These predictions assume that the
flow, for moderately high Reynolds number, is described by an inviscid core region of
constant angular momentum density matched to laminar boundary layers at the inner
and outer cylinders. The width of the two boundary layers is determined by the condition
that the boundary layers be marginally stable to either Taylor vortices [12, 13] or Gortler
vortices [14].

In the limit of infinite Reynolds number [3, 4] dimensional arguments of the Kol-
mogorov type predict scaling of the form T ~ R?. The scaling exponent value of 2 is an
upper limit. This result was recently derived directly from the Navicr-Stokes equation
by Doering and Constantin [15].

Measurements of the torque imposed on the system to achieve steady-state rotation
have been recently performed [3, 4]. These measurements showed that contrary to the
above predictions, no power law scaling of the torque with Reynolds number was ob-
served. Although it is possible to fit the data to different scaling exponents over various
ranges of Reynolds number, as in previous experiments [16, 17], the “local” scaling ex-
ponent o (where T ~ R* ) is in actuality a monotonically increasing function of R. The
largest observed value of a is well below the predicted limit of o = 2.

The torque measurements do however reveal the existence of a well-defined transition
in the flow. At a Reynolds number of Rt = 1.3 x 10* the behavior of the torque with R
changes sharply and above Rt the flow closely corresponds to flows observed in turbulent
wall-bounded shear flows.

2. Experimental Results

The experiments were performed in an apparatus specially designed to measure the
torque exerted by the fluid on the inner cylinder to high precision over a large range
of Reynolds number. The following description of the apparatus wil' be brief. A more
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detailed description can be found in reference [4].

The outer cylinder is polished, transparent Plexiglas (polymethylmethacrylate) with
an inner radius b = 22.085 cm and an axial length of L = 69.50 cm. The apparatus has
a stainless steel inner cylinder with radius a = 16.000 cm, giving the system a radius
ratio 7 = a/b = 0.7246 £ 0.0001 and an aspect ratio ' = L/(b —a) = 11.47.

To minimize effects due to the finite axial size of the system, the torque is measured
solely along the center portion of the inner cylinder. To this end, the inner cylinder
is constructed in three sections of length 15.69 cm, 40.64 cm, and 15.69 cm, stacked
axially and separated by thin (0.025 cm) gaps. The upper and lower sections are rigidly
attached to the rotating drive shaft, which is directly coupled to the motor. The center
section of the inner cylinder, which senses torque, is positioned on the shaft by two
low torque precision bearings and driven by means of a single torque sensing arm. The
deflection of the sensing arm resulting from the applied torque is ineasured to 0.1%
accuracy by means of lock-in detection.

To achieve the desired accuracy in the torque measurements, five different mixtures
of water and water-glycerol with different viscosities were used. Temperature regulation
of the working fluid to 0.1°C was maintained by utilizing the rapid axial heat transport of
the turbulent flow. The heat generated by the turbulent flow (up to 2 kW) was extracted
through end rings that bound the working fluid axially.

The axial flow state was determined by means of Kalliroscope visualization [18]. At
low R turbulent Taylor vortex states with 8, 10, 12 and 14 vortices were observed (19].
For R > Ry only 8 and 10 vortex states were stable, and above R = 1.75 x 10* only the
8 vortex state was observed until it disappeared at R ~ 10°.

Measurements of the torque were made for axial states with 8 and 10 vortices. The
torque measurements for different fluids in the overlapping Reynolds number ranges
agreed within the 1% uncertainty caused by uncertainty in the value of the fluid viscosity
and density. Measurements made for increasing and decreasing Reyno'ds number showed
no hysteresis for either flow state.

Figure 1 compares the predicted and measured values of the nondimensionalized
torque, G = T/pv*L (where T is the measured torque and L is the length of the torque-
sensing inner cylinder section) for the 8 vortex state. The lack of agreement is evident.

To determine whether the torque is indeed of the form G ~ R, we differenti-
ate the data to determine the local slope over intervals of Alog,, R = 0.1: o(R) =
d(log G)/d(log R). In order to eliminate uncertainties in the viscosities of the different
fluids used, the values of a were first computed separately for each individual run. The
results of all of the runs were then averaged. Figure 2 presents the values of a for both
the 8 and 10 vortex states.

As seen in the figure, there is no range of R where a is constant. For the 8 vortex data,
o increases monotonically from a = 1.23 to 1.87. The sudden change in da/9(logioR)
at R = Rr = 1.3 x 10% in the 8 vortex data and the discontinuity in « at R = 1.0 x 10*
for the 10 vortex data indicate the point where the flow undergoes a transition to wall-
bounded shear flow [3, 4]. Surprisingly, the transition for both axi 1] states occurs at
the a = 5/3 scaling exponent predicted by Marcus (12, 13] using a marginal stability
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Figure 1: A comparison of the measured nondimensional torque for the 8
vortex state (from ref. [4]) with the margmal stability predlctlon G ~ RS
[12,13], Couette flow torque [16], G
Kolmogorov type prediction G = [TI'T} 1+7)/(8vV2(1 — 2)] R? [27].

= 4mn[(1+7)(1 =1)?]"' R, and the
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Figure 2: Local exponent for the torque, o = d(log G)/d(log R), calculated
from torque measurements using least squares over a range A log,, R = 0.1:
(a) measured for an eight vortex state (e); (b) measured for a ten vortex
state (o). At R = 2.0 x 10 the ten vortex state becomes unstabl e to the
eight vortex state. For R > 10°, turbulent Taylor vortices are not observed.

(from ref. [4])



argument. (In Rayleigh-Benard convection an analogous argument correctly predicted
the scaling exponent for the heat transport [20] in the “soft” turbulence regime [1, 21].)

3. Asymptotic Scaling

We now consider the flow above Ry where the system undergces a transition to
wall-bounded shear flow similar to turbulent pipe flow, duct flow and flow over a flat
plate. The question of why power law scaling is not observed in this system naturally
arises. As the Reynolds number of the system is raised to ever incrzasing values, one
might expect the system’s behavior to become independent of the details of the external
boundaries which provide the forcing. At the same time the Kolmogorov length, the
smallest scale in the system, shrinks rapidly to zero. Thus, for high enough Reynolds
numbers, we would expect to see power law scaling characteristic of systems having no
intrinsic length scale.

To understand why simple power law scaling is not observed in this system let us
consider an analogy between nigh Reynolds number flow and the behavior of a equilib-
rium system in the region of a critical point. In a equilibrium system rear criticality, the
singular part of the free energy density F' is a homogeneous function of a set of scaling
fields (p1, p2, p3, ---) [22, 23]:

F(ﬂ],[l2, M3, "') = b—dF(bwulvbyzl“?abya/-‘:h"')v

where d is the dimension of the system. In this region, the behavior of the system for
small b will be dictated by the “relevant” fields u; where the exponents y; > 0. For a
system with one relevant field y; (y1 > 0> y2 > y3 > ...) one has (choosing b = /11'1/’“):

Fly, iz, iz, ) = 1y F(L, oy ™7, ) (2)
If p, is sufficiently close to zero, expanding in p,pu *?’* yields:
F(p1, p2, p3y-.n) ~ #f/y’(A + Bﬂzﬂf”/y') = uf(Cl + C’)l‘i\) (3)
where C; and C, are constants, A = —y2/y; > 0 and { = d/y; > 0.

The first correction to scaling for finite values of y,; is given by Fquation (3). Only
as we asymptotically approach the critical point, p; = 0, is exact scaling of the function
F observed.

Although there is no free energy for dissipative systems, we consider an analogous
quantity, P = TQ/V ~ GR. the dimensionless power per unit volume V dissipated in
our system. Let us now assume that in our system a critical point of the flow exists for
infinite Reynolds number. In this system the quantities analogous to the scaling fields
pi are the dimensionless variables R, § =1 — 5 and 1/T. We might then expect that as
we approach the critical point (R — oo):

P(R,6,1)T) ~ I=*P(RE, 6I° %n, ). (4)
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We now assume that { > 0 is the largest scaling exponent in Eguation (4). As in
Equation (3) we choose the scaling factor as { = R~'/¢ and Equation (4) becomes:

1
P(R,6,1/T) ~ R"/‘P(l,éR“’/‘,fR"'/‘,...). (5)

If Equation (5) is to make sense, both § and 1/I" must be relevant fields (i.e. 8> 0 and
v > 0) so that as R — oo the dissipated power flows to the fixed point corresponding to
the limit of plane Couette flow (7 = 1) with infinitely long plates (infinite aspect ratio):

P(R,6,1/T)p—w — RY*P(1,0,0,..). (6)

For large enough values of R (assuming that P is an analytic function of § and 1/T’) we
can expand Equation (5) around this fixed point yielding:

P(R,6,1)T) ~ R¥¢(1 + aR™P/* + bR™"¢ 4+ ) ~ R/ (1 + aR* + ...) (7)
where A < 0 is maz(3/(,~/¢). Thus for large Reynolds number:

G~ % = RYYa 4+ bR +..) = R¥a + bR  + ... (8)

where we have used the limiting value of a@ = 2 for the leading exponent d/{ — 1 as
derived in references [4] and [15].
A fit of the data for R > Rt to Equation (8) yields ¢ = 0.0185 £ 0.0008 and
=4.94 £+ 1.0 with the exporent A = —0.47 £0.02 (We estimate the errors by the values
of the coefficients for a 10% increase in the rms value of the residuals to the fit.). The
residuals from the fit (Fig. 3) show no systematic deviation of the data from the form
given by Equation (8). For comparison, we also plot (Gprandt — G)/G where Gpranau
is the torque predicted using the Prandtl -Von Karman type prediction for the torque
derived in [4]. In addition, the local slope a obtained from Equation (8) is compared in
Fig. 4 to the data and the slopes predicted by a marginal stability arguement [12] and
the Prandtl - Von Karman type equation. The agreement with Equation (8) is clearly
apparent.

The value of the scaling exponent, a = 2, is only an upper bound deduced from the
Navier-Stokes equations. As a consequence of the fractal structure of the dissipation
volume, the actual exponent value could be smaller, perhaps as smail as 1.9. We have
examined the fit of our data to Equation (8) with the exponent « varied in the range
from 1.8 to 2.2 and have found a shallow minimum in the variance at a = 2.04, but at
a = 1.95 the variance is only 5% larger. Thus with our data we cannot rule out a value
of o smaller than 2. Torque measurements extending to R ~ 107 wich the accuracy of
our data should however suffice to distinguish clearly between a = 1.95 and a = 2.

The good fit of our data to the scaling Equation (8) leads us to compare measured
wall friction coefficients ¢y [24] in other wall-bounded shear flows to tLis scaling form. In
the infinite Reynolds number limit [25] we would expect these flows to exhibit the same
asymptotic scaling as the Couette-Taylor system. Thus (since c; is, by definition [24],
normalized by a factor of R?) we expect that for large Reynolds nuniver:

Cf ~ al + bIRA. (9)
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Figure 3: Residuals of the the best fit of the scaling equation, Equation
(8), to the measured torque data using a = 0.0185, b6 = 4.94 and A =
—0.47. For comparison the Prantdl-Von Karman prediction [4], 1/,/c; =
1.52log1o( R, /cy) — 1.63, for Couette-Taylor flow is shown (solid line).
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Figure 4: A comparison of the local slope a obtained from the measured
torque data for an 8 vortex state () with predictions using Equation ( 8)
(dashed line) and the Prandtl-Von Karman type theory (solid line).
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Figure 5: Measurements of the skin friction coefficient ¢y for (a) pipe flow
[26] and (b) flow over a plate [2] are compared with predictions of the form
given by Equation (9) using a’ = 0.0055, ¥’ = 0.45 and A = —0.31 for pipe
flow and a’ = 0.00052, &’ = 0.073 and A = —0.21 for flow over a flat plate.
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Figure 6: The deviations of the measured friction coefficient c; (®)are com-
pared with the predictions given by Equation (9) (solid line) for (a) pipe flow
[26] and (b) flow over a flat plate. The parameters used are the same as in the
previous figure. For comparison we include (dashed line) predictions for ¢y
given by the Prandtl-Von Karman formula, 1/,/¢; = 2.0log;o(R,/c5)—0.8, for
pipe flow, and the Von-Karman-Schoenherr formula, 1/,/¢; = 4.13logio(Rcy)
(28] for flow over a flat plate.
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We would not expect correction exponents, A, to be identical to that observed in Couette-
Taylor flow since the scaling fields § and 1/T' may not be relevant for these flows.

In Figs. 5 and 6 we compare the measured friction coefficients of turbulent pipe flow
[26] and flow over a flat plate [2] with fits of Equation (9) to the data. These data, like
those for Couette-Taylor flow, exhibit no systematic deviation from Equation (9). For
flow over a flat plate the best fit yields a’ = 0.00052, & = 0.073 and A = 0.21 where,
within a 10% variation in the rms value of the residuals to the fit, A can vary by £0.11
and the corresponding values of the coefficients can change by as much as a factor of
two. For the pipe flow data the best fit to Equation (9) yields a’ = 0.0055, ' = 0.45, and
A = —0.31 where, again due to the relatively large scatter in the data, a 10% increase
in the rms value of the residuals can change a’ and ¥ by as much as 100% while the
corresponding change in A is £0.09.

The values of the correction exponent A for both cases are consistent with the ap-
proach to the critical point being the same for both flows and, as in Couette-Taylor
flow, no systematic deviation of the data from the prediction of Equation (9) is ob-
served. Without further experiments we can not say whether or not the discrepancy in
the exponents is significant.

In conclusion, we find that although no simple power law scaling for the torque G ~
R* describes the observed results over any range of Reynolds number, measurements of
the torque in turbulent Couette-Taylor flow and the skin friction coefficients for turbulent
pipe flow and flow over a flat plate are consistent with corrections to asymptotic scaling
at infinite Reynolds number.

In [3] and [4] measured flow quantities such as the turbulent diffusion coefficient,
characteristic boundary layer time scales and probability functions were shown to be
simple scaling functions of both R and the torque G. We would also expect these
quantities to undergo scaling behavior in R alone in the asymptotic limit. By use of
Equation (8) both their scaling exponents and corrections to scaling at finite values of
the Reynolds number could be obtained.
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